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ARBORIFIED MULTIPLE ZETA VALUES
DOMINIQUE MANCHON
Abstract. We describe some particular finite sums of multiple zeta values which arise from J.
Ecalle’s ”arborification”, a process which can be described as a surjective Hopf algebra morphism
from the Hopf algebra of decorated rooted forests onto a Hopf algebra of shuffles or quasi-shuffles.
This formalism holds for both the iterated sum picture and the iterated integral picture. It
involves a decoration of the forests by the positive integers in the first case, by only two colours
in the second case.
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1. Introduction
Multiple zeta values are defined by the following nested sums:
(1) ζ(n1, . . . , nr) :=
∑
k1>k2>···>kr≥1
1
kn11 · · · k
nr
r
,
where the nj’s are positive integers. The nested sum (1) converges as long as n1 ≥ 2. The
integer r is the depth, whereas the sum p := n1+ · · ·nr is the weight. Although the multiple zeta
values of depth one and two were already known by L. Euler, the full set of multiple zeta values
first appears in 1981 in a preprint of Jean Ecalle under the name ”moule ζ•<”, in the context of
resurgence theory in complex analysis [13, Page 429], together with its companion ζ•≤ now known
as the set of multiple star zeta values. The systematic study begins a decade later with the works
of M. E. Hoffman [19] and D. Zagier [28]. It has been remarked by M. Kontsevich ([28], see also
the intriguing precursory Remark 4 on Page 431 in [13]) that multiple zeta values admit another
representation by iterated integrals, namely:
(2) ζ(n1, . . . , nr) =
∫
· · ·
∫
0≤up≤···u1≤1
du1
ϕ1(u1)
· · ·
dup
ϕp(up)
,
with ϕj(u) = 1 − u if j ∈ {n1, n1 + n2, n1 + n2 + n3, . . . , p} and ϕj(u) = u otherwise. For later
use we set:
f0(u) := u, f1(u) := 1− u.
Iterated integral representation (2) is the starting point to the modern approach in terms of mixed
Tate motives over Z, already outlined in [28] and widely developed in the literature since then
[25, 10, 2, 3, 4]. Multiple zeta values verify a lot of polynomial relations with integer coefficients:
the representation (1) by nested sums leads to quasi-shuffle relations, whereas representation (2) by
iterated integrals leads to shuffle relations. A third family of relations, the regularization relations,
comes from a subtle interplay between the two first groups of relations, involving divergent multiple
zeta sums ζ(1, n2 . . . nr). A representative example of each family (in the order above) is given
Date: January 25th 2013.
1
2 DOMINIQUE MANCHON
by:
ζ(2, 3) + ζ(3, 2) + ζ(5) = ζ(2)ζ(3),(3)
ζ(2, 3) + 3ζ(3, 2) + 6ζ(4, 1) = ζ(2)ζ(3),(4)
ζ(2, 1) = ζ(3),(5)
It is conjectured that these three families include all possible polynomial relations between mul-
tiple zeta values. Note that the rationality of the quotient
ζ(2k)
π2k
, proved by L. Euler, does not
yield supplementary polynomial identities. As an example, ζ(2) =
π2
6
and ζ(4) =
π4
90
yield
2ζ(2)2 = 5ζ(4), a relation which can also be deduced from quasi-shuffle, shuffle and regularization
relations.
It is convenient to write multiple zeta values in terms of words. In view of representations (1)
and (2), this can be done in two different ways. We consider the two alphabets:
X := {x0, x1}, Y := {y1, y2, y3, . . .},
and we denote by X∗ (resp. Y ∗) the set of words with letters in X (resp. Y ). The vector space
Q〈X〉 freely generated by X∗ is a commutative algebra for the shuffle product, which is defined
by:
(6) (v1 · · · vp) ∐∐ (vp+1 · · · vp+q) :=
∑
σ∈Sh(p,q)
v
σ−11
· · · v
σ−1p+q
with vj ∈ X, j ∈ {1, . . . , p + q}. Here, Sh(p, q) is the set of (p, q)-shuffles, i.e. permutations σ of
{1, . . . p+q} such that σ1 < · · · σp and σp+1 < · · · < σp+q. The vector space Q〈Y 〉 freely generated
by Y ∗ is a commutative algebra for the quasi-shuffle product, which is defined as follows: a (p, q)-
quasi-shuffle of type r is a surjection σ : {1, . . . p+q} → {1, . . . p+q−r} such that σ1 < · · · σp and
σp+1 < · · · < σp+q. Denoting by Qsh(p, q; r) the set of (p, q)-quasi-shuffles of type r, the formula
for the quasi-shuffle product ∐∐- is:
(7) (w1 · · ·wp) ∐∐- (wp+1 · · ·wp+q) :=
∑
r≥0
∑
σ∈Qsh(p,q;r)
wσ1 · · ·w
σ
p+q−r
with wj ∈ Y , j ∈ {1, . . . , p + q}, and where w
σ
j is the internal product of the letters in the set
σ−1({j}), which contains one or two elements. The internal product is defined by [ykyl] := yk+l.
We denote by Y ∗conv the submonoid of words w = w1 · · ·wr with w1 6= y1, and we set X
∗
conv =
x0X
∗x1. An injective monoid morphism is given by changing letter yn into the word x
n−1
0 x1,
namely:
s : Y ∗ −→ X∗
yn1 · · · ynr 7−→ x
n1−1
0 x1 · · · x
nr−1
0 x1,
and restricts to a monoid isomorphism from Y ∗conv ontoX
∗
conv. As notation suggests, Y
∗
conv andX
∗
conv
are two convenient ways to symbolize convergent multiple zeta values through representations (1)
and (2) respectively. The following notation is commonly adopted:
(8) ζ∐∐- (yn1 · · · ynr) := ζ(n1, . . . nr) =: ζ∐∐
(
s(yn1 · · · ynr)
)
,
and extended to finite linear combinations of convergent words by linearity. The relation:
ζ∐∐- = ζ∐∐ ◦ s
is obviously verified. The quasi-shuffle relations then write:
(9) ζ∐∐- (w ∐∐- w
′) = ζ∐∐- (w)ζ∐∐- (w
′)
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for any w,w′ ∈ Y ∗conv, whereas the shuffle relations write:
(10) ζ∐∐ (v ∐∐ v
′) = ζ∐∐ (v)ζ∐∐ (v
′)
for any v, v′ ∈ X∗conv. By fixing an arbitrary value θ to ζ(1) and setting ζ∐∐- (y1) = ζ∐∐ (x1) = θ, it
is possible to extend ζ∐∐- , resp. ζ∐∐ , to all words in Y
∗, resp. to X∗x1, such that (9), resp. (10),
still holds. It is also possible to extend ζ∐∐ to a map defined on X
∗ by fixing an arbitrary value
θ′ to ζ∐∐ (x0), such that (10) is still valid. We will stick to θ
′ = θ for symmetry reasons, reflecting
the following formal equality between two infinite quantities:∫ 1
0
dt
t
=
∫ 1
0
dt
1− t
.
It is easy to show that for any word v ∈ X∗ or w ∈ Y ∗, the expressions ζ∐∐ (v) and ζ∐∐- (w) are
polynomial with respect to θ. It is no longer true that extended ζ∐∐- coincides with extended
ζ∐∐ ◦ s, but the defect can be explicitly written:
Theorem 1 (L. Boutet de Monvel, D. Zagier [28]). There exists an infinite-order inversible
differential operator ρ : R[θ]→ R[θ] such that
(11) ζ∐∐ ◦ s = ρ ◦ ζ∐∐- .
The operator ρ is explicitly given by the series:
(12) ρ = exp

∑
n≥2
(−1)nζ(n)
n
(
d
dθ
)n .
In particular, ρ(1) = 1, ρ(θ) = θ, and more generally ρ(P )−P is a polynomial of degree ≤ d−2 if
P is of degree d, hence ρ is inversible. A proof of Theorem 1 can be read in numerous references,
e.g. [6, 21, 24]. Any word w ∈ Y ∗conv gives rise to Hoffman’s regularization relation:
(13) ζ∐∐
(
x1 ∐∐ s(w) − s(y1 ∐∐- w)
)
= 0,
which is a direct consequence of Theorem 1. The linear combination of words involved above is
convergent, hence (13) is a relation between convergent multiple zeta values, although divergent
ones have been used to establish it. The simplest regularization relation (5) is nothing but (13)
applied to the word w = y2.
Rooted trees can enrich the picture in two ways: first of all, considering a rooted tree t with set
of vertices V(t) and decoration nv ∈ Z>0, v ∈ V(t), we define the associated contracted arborified
multiple zeta value by:
(14) ζT-(t) :=
∑
k∈Dt
∏
v∈V(t)
1
knvv
,
where Dt is made of those maps v 7→ kv ∈ Z>0 such that kv < kw if and only if there is a path
from the root to w through v. The sum (14) is convergent as long as nv ≥ 2 if v is a leaf of t. The
definition is multiplicatively extended to rooted forests. A similar definition can be introduced
starting from the integral representation (2): considering a rooted tree τ with set of vertices V(τ)
and decoration ev ∈ {0, 1}, v ∈ V(τ), we define the associated arborified multiple zeta value by:
(15) ζT (τ) :=
∫
u∈∆τ
∏
v∈V(τ)
duv
fev
,
where ∆τ ⊂ [0, 1]
|V(τ)| is made of those maps v 7→ uv ∈ [0, 1] such that uv ≤ uw if and only if there
is a path from the root to w through v. The integral (15) is convergent as long as ev = 1 if v is the
root of τ and ev = 0 if v is a leaf of τ . A multiplicative extension to two-coloured rooted forests
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will also be considered. Arborified multiple zeta values, in this non-contracted form, appear in a
recent paper by S. Yamamoto [27].
Arborified and contracted arborified multiple zeta values are finite linear combinations of ordi-
nary ones. For example we have :
ζT-( n3
n2n1
) = ζ(n1, n2, n3) + ζ(n2, n1, n3) + ζ(n1 + n2, n3)
and, choosing black for colour 0 and white for colour 1:
ζT
( )
= 2ζ(3, 1) + ζ(2, 2),
ζT ( ) = 3ζ(4).
The terminology comes from J. Ecalle’s arborification, a transformation which admits a ”sim-
ple” and a ”contracting” version [15, 16]. This transformation is best understood in terms of a
canonical surjective morphism from Butcher-Connes-Kreimer Hopf algebra of rooted forests onto
a corresponding shuffle Hopf algebra (quasi-shuffle Hopf algebra for the contracting arborification)
[17].
The paper is organized as follows: after a reminder on shuffle and quasi-shuffle Hopf algebras,
we describe the two versions of arborification in some detail, and we describe a possible trans-
formation from contracted arborified to arborified multiple zeta values, which can be seen as an
arborified version of the map s from words in Y ∗ into words in X∗. A more natural version of
this arborified s with respect to the tree structures is still to be found.
Acknowledgements: Research partly supported by Agence Nationale de la Recherche, project
”Carma” ANR-12-BS01-0017. I thank Fre´de´ric Fauvet, Fre´de´ric Menous and Emmanuel Vieillard-
Baron for important discussions on arborification.
2. Shuffle and quasi-shuffle Hopf algebras
Let V be any commutative algebra on a base field k of characteristic zero. The product on V
will be denoted by (a, b) 7→ [ab]. This algebra is not supposed to be unital: in particular any vector
space can be considered as a commutative algebra with trivial product (a, b) 7→ [ab] = 0. The
associated quasi-shuffle Hopf algebra is
(
T (V ),∐∐- ,∆
)
, where
(
T (V ),∆
)
is the tensor coalgebra:
T (V ) =
⊕
k≥0
V ⊗k.
The indecomposable elements of V ⊗k will be denoted by v1 · · · vk with vj ∈ V . The coproduct ∆
is the deconcatenation coproduct:
(16) ∆(v1 · · · vk) :=
k∑
r=0
v1 · · · vr ⊗ vr+1 · · · vk.
The quasi-shuffle product ∐∐- is given for any v1, . . . vp+q by:
(17) (v1 · · · vp) ∐∐- (vp+1 · · · vp+q) :=
∑
r≥0
∑
σ∈Qsh(p,q;r)
vσ1 · · · v
σ
p+q−r
with vj ∈ Y , j ∈ {1, . . . , p + q}, and where v
σ
j is the internal product of the letters in the set
σ−1({j}), which contains one or two elements. Note that if the internal product vanishes, only
ordinary shuffles (i.e. quasi-shuffles of type r = 0) do contribute to the quasi-shuffle product,
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which specializes to the shuffle product ∐∐ in this case. The tensor coalgebra endowed with
the quasi-shuffle product ∐∐- is a Hopf algebra which, remarkably enough, does not depend on
the particular choice of the internal product [20]. An explicit Hopf algebra isomorphism exp
from
(
T (V ), ∐∐- ,∆
)
onto
(
T (V ), ∐∐ ,∆
)
is given in [20]. Although we won’t use it, let us recall
its expression: let P(k) be the set of compositions of the integer k, i.e. the set of sequences
I = (i1, . . . , ir) of positive integers such that i1 + · · · + ir = k. For any u = v1 . . . vk ∈ T (V ) and
any composition I = (i1, . . . , ir) of r we set:
I[u] := [v1 . . . vi1 ].[vi1+1 · · · vi1+i2 ] . . . [vi1+···+ir−1+1 . . . vk].
Then:
expu =
∑
I=(i1,...,ir)∈P(k)
1
i1! . . . ir!
I[u].
Moreover ([20], lemma 2.4), the inverse log of exp is given by :
log u =
∑
I=(i1,...,ir)∈P(k)
(−1)k−r
i1 . . . ir
I[u].
For example for v1, v2, v3 ∈ V we have:
exp v1 = v1 , log v1 = v1,
exp(v1v2) = v1v2 +
1
2
[v1v2] , log(v1v2) = v1v2 −
1
2
[v1v2],
exp(v1v2v3) = v1v2v3 +
1
2
([v1v2]v3 + v1[v2v3]) +
1
6
[v1v2v3],
log(v1v2v3) = v1v2v3 −
1
2
([v1v2]v3 + v1[v2v3]) +
1
3
[v1v2v3].
Going back to the notations of the introduction, Q〈Y 〉 is the quasi-shuffle Hopf algebra associated
to the algebra tk[t] of polynomials without constant terms, whereas Q〈X〉 is the shuffle Hopf
algebra associated with the two-dimensional vector space spanned by X.
3. The Butcher-Connes-Kreimer Hopf algebra of decorated rooted trees
Let D be a set. A rooted tree is an oriented (non planar) graph with a finite number of vertices,
among which one is distinguished and called the root, such that any vertex admits exactly one
incoming edge, except the root which has no incoming edges. A D-decorated rooted tree is a
rooted tree t together with a map from its set of vertices V(t) into D. Here is the list of (non-
decorated) rooted trees up to five vertices:
A D-decorated rooted forest is a finite collection of D-decorated rooted trees, with possible repe-
titions. The empty set is the forest containing no trees, and is denoted by 1. For any d ∈ D, the
grafting operator Bd+ takes any forest and changes it into a tree by grafting all components onto
a common root decorated by d, with the convention Bd+(1) = d.
Let T D denote the set of nonempty rooted trees and let HDBCK = k[T
D] be the free commutative
unital algebra generated by elements of T D. We identify a product of trees with the forest
containing these trees. Therefore the vector space underlying HDBCK is the linear span of rooted
forests. This algebra is a graded and connected Hopf algebra, called the Hopf algebra of D-
decorated rooted trees, with the following structure: the grading is given by the number of
vertices, and the coproduct on a rooted forest u is described as follows [18, 23]: the set V(u) of
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vertices of a forest u is endowed with a partial order defined by x ≤ y if and only if there is a
path from a root to y passing through x. Any subset W of V(u) defines a subforest u|W
of u in
an obvious manner, i.e. by keeping the edges of u which link two elements of W . The coproduct
is then defined by:
(18) ∆(u) =
∑
V∐W=V(u)
W<V
u|V
⊗ u|W
.
Here the notation W < V means that y < x for any vertex x in V and any vertex y in W such
that x and y are comparable. Such a couple (V,W ) is also called an admissible cut, with crown
(or pruning) u|V
and trunk u|W
. We have for example:
∆
( )
= ⊗ 1+ 1⊗ + ⊗
∆
( )
= ⊗ 1+ 1⊗ + 2 ⊗ + ⊗ .
The counit is ε(1) = 1 and ε(u) = 0 for any non-empty forest u. The coassociativity of the
coproduct is easily checked using the following formula for the iterated coproduct :
∆˜n−1(u) =
∑
V1∐···∐Vn=V(u)
Vn<···<V1
u|V1
⊗ · · · ⊗ u|Vn
.
The notation Vn < · · · < V1 is to be understood as Vi < Vj for any i > j, with i, j ∈ {1, . . . , n}.
This Hopf algebra first appeared in the work of A. Du¨r in 1986 [11]. It has been rediscovered and
intensively studied by D. Kreimer in 1998 [22], as the Hopf algebra describing the combinatorial
part of the BPHZ renormalization procedure of Feynman graphs in a scalar ϕ3 quantum field
theory. Its group of characters:
(19) GDBCK = Homalg(H
D
BCK, k)
is known as the Butcher group and plays a key role in approximation methods in numerical
analysis [5]. A. Connes and D. Kreimer also proved in [9] that the operators Bd+ satisfy the
property
(20) ∆
(
Bd+(t1 · · · tn)
)
= Bd+(t1 · · · tn)⊗ 1+ (Id⊗B
d
+) ◦∆(t1 · · · tn),
for any t1, ..., tn ∈ T . This means that B
d
+ is a 1-cocycle in the Hochschild cohomology of H
D
BCK
with values in HDBCK.
4. Simple and contracting arborification
The Hopf algebra of decorated rooted forests enjoys the following universal property (see e.g.
[18]): let D be a set, let H be a graded Hopf algebra, and, for any d ∈ D, let Ld : H → H be a
Hochschild one-cocycle, i.e. a linear map such that:
(21) ∆
(
Ld(x)
)
= Ld(x)⊗ 1H + (Id⊗L
d) ◦∆(x).
Then there exists a unique Hopf algebra morphism Φ : HDBCK →H such that:
(22) ΦL ◦B
d
+ = L
d ◦ ΦL
for any d ∈ D. Now let V be a commutative algebra, let
(
T (V ), ∐∐- ,∆
)
be the corresponding
quasi-shuffle Hopf algebra, let (ed)d∈D be a linear basis of V , and let L
d : T (V )→ T (V ) the right
concatenation by ed, defined by:
(23) Ld(v1 . . . vk) := v1 . . . vked.
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One can easily check, due to the particular form of the deconcatenation coproduct, that Ld verifies
the one-cocycle condition (21). The contracting arborification of the quasi-shuffle Hopf algebra
above is the unique Hopf algebra morphism
(24) aV : H
D
BCK →
(
T (V ),∐∐- ,∆
)
such that aV ◦B
d
+ = L
d◦aV for any d ∈ D. It is obviously surjective, since the word w = ed1 · · · edr
can be obtained as the image of the ladder ℓY (w) with r vertices decorated by d1, . . . dr from top
to bottom. This map is invariant under linear base changes. For the shuffle algebra (i.e. when
the internal product on V is set to zero), the corresponding Hopf algebra morphism aV is called
simple arborification, and the corresponding section will be denoted by ℓX .
Let us apply this construction to multiple zeta values (the base field k being the field Q of
rational numbers): we denote by aX (resp. aY ) the simple (resp. contracting) arborification
from HXBCK onto Q〈X〉 (resp. from H
Y
BCK onto Q〈Y 〉). The maps ζ∐∐ and ζ∐∐- defined in the
introduction are characters of the (Hopf) algebras Q〈X〉 and Q〈Y 〉 respectively, with values in
the algebra R[θ]. The simple and contracted arborified multiple zeta values are then respectively
given by:
ζT
∐∐
: HXBCK −→ R[θ]
τ 7−→ ζT
∐∐
(τ) = ζ∐∐ ◦ aX(τ).(25)
and:
ζT-
∐∐- : H
Y
BCK −→ R[θ]
t 7−→ ζT-
∐∐- (t) = ζ∐∐- ◦ aY (t).(26)
They extend to any word the maps ζT and ζT- defined in the introduction. Looking back at the
examples given there we have:
(27) aY ( n3
n2n1
) = yn1yn2yn3 + yn2yn1yn3 + yn1+n2yn3
and
aX( ) = 2x0x0x1x1 + x0x1x0x1,
aX( ) = 3x0x0x0x1.
5. Arborification of the map s
We are looking for a map sT which makes the following diagram commutative:
HYBCK
aY


s
T
// HXBCK
aX


Q〈Y 〉
s
// Q〈X〉
An obvious answer to this problem is given by:
s
T = ℓX ◦ s ◦ aY ,
where ℓX is the section of aX described in the previous section. It has the drawback of completely
destroying the geometry of trees: indeed, any Y -decorated forest is mapped on a linear combina-
tion of X-decorated ladders. We are then looking for a more natural map with respect to the tree
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structures, which makes the diagram above commute, or at least the outer square of the diagram
below:
HYBCK
aY


s
T
//
ζT−
∐∐-

HXBCK
aX


ζT
∐∐

Q〈Y 〉
s
//
ζ∐∐-

Q〈X〉
ζ∐∐

R[θ]
ρ
// R[θ]
This interesting problem remains open.
References
[1] Ch. Brouder, Runge-Kutta methods and renormalization, Eur. Phys. J. C Part. Fields 12 (2000) 512–534.
[2] F. Brown, On the decomposition of motivic multiple zeta values, Adv. Stud. Pure Math. 99 (to appear),
arXiv:1102.1310.
[3] F. Brown, Mixed Tate motives over Spec(Z), Duke Math. J. (to appear). arXiv:1102.1312.
[4] F. Brown, Depth-graded motivic multiple zeta values, arXiv:1301.3053 (2013).
[5] J. C. Butcher, An algebraic theory of integration methods, Math. Comp. 26 (1972) 79–106.
[6] P. Cartier, Fonctions polylogarithmes, nombres polyzeˆtas et groupes pro-unipotents, Se´minaire Bourbaki
No 885, Aste´risque 282, 137-173 (2002).
[7] A. Cayley, On the theory of the analytical forms called trees, Phil. Mag. 13, 172-176 (1857).
[8] F. Chapoton, M. Livernet, Pre-Lie algebras and the rooted trees operad, Internat. Math. Res. Notices
2001 (2001) 395–408.
[9] A. Connes and D. Kreimer, Hopf Algebras, Renormalization and Noncommutative Geometry. Comm.
Math. Phys. 199 (1998) 203-242.
[10] P. Deligne, A. Goncharov, Groupes fondamentaux motiviques de Tate mixtes, Ann. Sci. Ec. Norm. Sup.
(4) 38 No1, 1-56 (2005).
[11] A. Du¨r, Mo¨bius functions, incidence algebras and power series representations, Lect. Notes math. 1202,
Springer (1986).
[12] J. Ecalle, Les fonctions re´surgentes Vol. 1, Publications Mathe´matiques d’Orsay (1981). Available at
http://portail.mathdoc.fr/PMO/feuilleter.php?id=PMO 1981.
[13] J. Ecalle, Les fonctions re´surgentes Vol. 2, Publications Mathe´matiques d’Orsay (1981). Available at
http://portail.mathdoc.fr/PMO/feuilleter.php?id=PMO 1981.
[14] J. Ecalle, Les fonctions re´surgentes Vol. 3, Publications Mathe´matiques d’Orsay (1985). Available at
http://portail.mathdoc.fr/PMO/feuilleter.php?id=PMO 1985.
[15] J. Ecalle, Singularite´s non abordables par la ge´ome´trie, Ann. Inst. Fourier 42, No 1-2, 73-164 (1992).
[16] J. Ecalle, B. Vallet, The arborification-coarborification transform: analytic, combinatorial, and algebraic
aspects, Ann. Fac. Sci. Toulouse XIII, No 4, 575-657 (2004).
[17] F. Fauvet, F. Menous, Ecalle’s arborification-coarborification transforms and the Connes-Kreimer Hopf
algebra, Ann. Sci. Ec. Norm. Sup., to appear. arXiv:1212.4740 (2012).
[18] L. Foissy, Les alge`bres de Hopf des arbres enracine´s de´core´s I,II, Bull. Sci. Math. 126 (2002), 193-239
and 249-288.
[19] M. E. Hoffman, Multiple harmonic series, Pacific J. Math. 152, 275-290 (1992).
[20] M. E. Hoffman, Quasi-shuffle products, J. Algebraic Combin. 11, 49-68 (2000).
[21] K. Ihara, M. Kaneko, D. Zagier, Derivation and double shuffle relations for multiple zeta values, Comp.
Math. 142 No2, 307-338 (2004).
[22] D. Kreimer, On the Hopf algebra structure of perturbative quantum field theories, Adv. Theor. Math.
Phys.2, 303–334 (1998).
[23] A. Murua, The Hopf algebra of rooted trees, free Lie algebras, and Lie series, Found. Computational
Math. 6, 387-426 (2006).
[24] G. Racinet, Doubles me´langes des polylogarithmes multiples aux racines de l’unite´, Publ. Math. IHES
95, 185-231 (2002).
[25] T. Terasoma, Mixed Tate motives and multiple zeta values, Invent. Math. 149 No2, 339-369 (2002).
ARBORIFIED MULTIPLE ZETA VALUES 9
[26] M. Waldschmidt, Valeurs zeˆta multiples, une introduction, J. The´or. Nombres de Bordeaux 12, 581-595
(2000).
[27] S. Yamamoto, Multiple zeta-star values and multiple integrals, preprint, arXiv:1405.6499 (2014).
[28] D. Zagier, Values of zeta functions and their applications, Proc. First European Congress of Mathematics,
Vol. 2, 497-512, Birkha¨user, Boston (1994).
Universite´ Blaise Pascal, C.N.R.S.-UMR 6620, 3 place Vasare´ly, BP 80026, 63178 Aubie`re, France
E-mail address: manchon@math.univ-bpclermont.fr
URL: http://math.univ-bpclermont.fr/~manchon/
